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ABSTRACT

The problem of cooperatively performing a collection of tasks
in a decentralized setting where the computing medium is
subject to adversarial perturbations is one of the fundamen-
tal problems in distributed computing. Such perturbations
can be caused by processor failures, unpredictable delays,
and communication breakdowns. To develop efficient dis-
tributed solutions for computation problems ranging from
distributed search such as SETI to parallel simulation and
multi-agent collaboration, it is important to understand ef-
ficiency trade-offs characterizing the ability of p processors
to cooperate on t-tasks in the presence of adversity. This
paper surveys recent results grouped by the following top-
ics: (i) failure-sensitive bounds for distributed cooperation
problems for synchronous processors subject to crash fail-
ures, (ii) bounds on redundant work for distributed coop-
eration when individual asynchronous processors may expe-
rience prolonged absence of communication, and (7i3) com-
petitive analysis of cooperative work performed by groups
of asynchronous processors, when the groups may be frag-
mented and merged during the computation. These research
results are motivated by the earlier work of the third author
with Paris C. Kanellakis at Brown University.

Categories and Subject Descriptors

C.4 [Computer System Organization]: Performance of
Systems—fault tolerance; F.1.2 [Computation by Ab-
stract Devices]: Modes of Computation—parallelism and
concurrency; F.2.3 [Analysis of Algorithms and Prob-
lem Complexity]: Tradeoffs between Complexity Mea-
sures
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1. INTRODUCTION

Ability to cooperate on common tasks in a distributed
setting is key to solving a broad range of computation prob-
lems ranging from distributed search such as SETI to dis-
tributed simulation, GRID computing, and multi-agent col-
laboration. The benefit of solving a problem using multi-
ple processors can only be realized if one is able to effec-
tively marshal the available computing resources in order to
achieve substantial speed-up relative to the time necessary
to solve the problem using a single processor. In order to
achieve high speed-ups it is necessary to eliminate redundant
computation done by the processors. This is challenging
because the availability of distributed computing resources
may fluctuate due to failures and delays. Thus a system
containing unreliable and asynchronous resources must ded-
icate resources both to solving the computational problem
and to coordinating the available resources.

There is an intuitive trade-off between dependability and
efficiency because reliability requires introducing redundancy
in the computation in order to detect failures and delays,
and to reassign resources, whereas gaining efficiency by par-
allel computing requires removing redundancy from the com-
putation to fully utilize each processor. Thus, even allow-
ing for some abstraction in the model of parallel compu-
tation, it was not obvious that there are any non-trivial
fault models that allow near-linear speed-ups. So it was
somewhat surprising when Kanellakis and Shvartsman [29]
demonstrated that it is possible to combine deterministic
efficiency and fault tolerance for most basic algorithms ex-
pressed as concurrent-read concurrent-write (CRCW) parallel
random access machines (PRAMs). Specifically, the failure
model [29] allows any pattern of dynamic processor crashes,
as long as one processor remains alive. Kanellakis and
Shvartsman introduced a key abstract problem, called Write-
All, and showed how to use solutions for this problem to
construct dependable algorithms for other problems that al-
ready have efficient parallel algorithms that assume failure-



free and delay-free processors. The Write-All problem is for-
mulated in terms of p processors writing to ¢ distinct mem-
ory locations in the presence of an adaptive adversary that
introduces dynamic failures or delays. Here writing to a
memory location models an independent task that can be
performed by a single processor in constant time. The effi-
ciency of dependable shared-memory algorithms is measured
according to available processor steps introduced in [29] (also
referred to as work), now a common complexity measure in
the study of fault-tolerant algorithms. Among the note-
worthy early results is the best known Write-All algorithm
for synchronous crash-prone processors, and the tight lower
bound on work for processors with constant-time memory
snapshots. A monograph by Kanellakis and Shvartsman [28]
brought together several important results in this area.

Following the initial work [29], the Write-All problem was
studied in a variety of shared-memory settings e.g., [2, 3,
6, 21, 27, 30, 31, 32, 35, 40, 41, 42]. Dwork, Halpern and
Waarts [11] extended Write-All to message-passing models
of computation, where the problem, called Do-All, is stated
in terms of p processors that need to perform ¢ indepen-
dent and idempotent tasks in the presence of failures. Many
algorithms were developed to solve Do-All in a variety of
message-passing settings, e.g., [7, 8, 9, 11, 14, 33, 43]. The
problem has also been studied in partitionable networks,
e.g., [10, 19, 20, 36]. Depending on the specific model of
computation, the efficiency of solutions for these problems
is assessed in terms of work (task-oriented work, total work,
or redundant work), time, and communication complexity.

In this work we survey the state-of-the-art results in the

following three areas: (i) failure-sensitive bounds for dis-
tributed cooperation problems such as Write-All and Do-All
(Section 2), based on [17, 18], (i) bounds on redundant work
for distributed cooperation during the prolonged absence
of communication (Section 3), based on [36, 37, 38|, and
(#i1) competitive analysis of cooperative work performed by
fragmenting and merging groups of processors (Section 4),
based on [19].
The results presented here are directly motivated by the
research done by the third author, Alex Shvartsman, with
Paris Kanellakis from 1988 to 1992 at Brown University,
when Paris served as his doctoral advisor. It is appropriate
to repeat here the following acknowledgment from Shvarts-
man’s dissertation [50]:

I thank my advisor Paris C. Kanellakis who provided the
initial vision for this work. His scientific intuition, well-
founded optimism, research discipline, and contagious en-
ergy greatly contributed to the success of our work. Working
together through long brainstorming sessions were the most
memorable and enjoyable times during my stay at Brown.

2. FAILURE-SENSITIVE BOUNDS

Performing a set of tasks in a decentralized setting is a
fundamental problem in distributed computing. This is of-
ten challenging because the set of processors available to
the computation and their ability to communicate may dy-
namically change due to perturbations in the computation
medium. An abstract statement of this problem, referred to
as the Do-All problem:

p fault-prone processors perform t independent tasks,

is one of the standard problems in the research on the com-
plexity of fault-tolerant distributed computation [11, 29].

61

Solutions for Do-All must perform all tasks efficiently in the
presence of specific failure patterns. The efficiency is as-
sessed in terms of work, time and communication complexity
depending on the specific model of computation.

We consider abstract models of computation where p syn-
chronous processors are subject to f crashes (f < p). Here a
processor crash is a stop-failure [48], such that the processor
halts and performs no further actions. We measure the effi-
ciency of solutions for Do-All (or Write-All) in terms of work
complexity where all processing steps taken by all processors
are counted. Work is ideally expressed as a function of p,
t, and f. Until very recently, an unsatisfactory landscape
existed with respect to the understanding of how the bounds
on work depend on f, the number of failures. That is, work
was typically given as a function of ¢ and p, but it was either
not elucidated how f impacts work, or, when f was a part
of the equation, it was primarily due to the nature of a spe-
cific algorithm, and not due to the inherent properties of the
Do-All problem. For example, the work of the best known
synchronous shared-memory algorithm is given as a function
of p and ¢ [29]. This is also the case with the best known
asynchronous shared-memory algorithm [2]. Similarly, the
best known lower bound for shared-memory models [31] and
the best known lower bound applicable to message-passing
models [6] do not involve f. The work of message-passing
algorithms, e.g., [9, 14], typically does include f, but this
is due to the use of single coordinators, which means that
for f coordinator failures the work necessarily includes an
additive term f-p. A message-passing algorithm using mul-
tiple coordinators [7] avoids this inefficiency and includes a
term that depends on log f, but this involves f in a some-
what superficial way. Thus prior lower/upper bound results
for Do-All do not teach adequately how the work complexity
depends on the number of failures f.

When considering synchronous shared-memory comput-
ing with failure-prone processors the impact of imprecise
analysis of work complexity is especially significant. Ap-
proaches such as [32, 42, 49] use the iterative Do-All ap-
proach to execute synchronous parallel (PRAM) algorithms
on failure-prone processors by simulating the parallel steps
of ideal processors with the help of some chosen Do-All al-
gorithm. It was shown that the execution of a single t¢-
processor step on p failure-prone processors does not exceed
the complexity of solving a t-size instance of Do-All using p
failure-prone processors. Thus if W, , is the complexity of
solving a Do-All instance of size ¢ using p processors, and the
parallel-time X processor product of the given synchronous ¢-
processor, r-time algorithm is r - ¢, then the algorithm can
be deterministically simulated with work O(r - Wy ;). If the
analysis does not accurately reflect the impact of the num-
ber of failures f, then we shall see that the resulting upper
bound is needlessly inflated. Even if we compute the up-
per bounds on work of the iterative use of Do-All as the
product r - Wy, r, where r is the number of iterations and
Wi p,r is the failure-sensitive upper bound for the Do-All
problem, this result may still be inflated, since fewer than
f failures may be “available” to the adversary per iteration
when r > 1. Practical concerns would be well served by
the knowledge of what happens in Do-All when the number
of failures is moderate and when the Do-All algorithms are
used iteratively. In particular, it is important to understand
the behavior of the best algorithms for the entire range of
failures f and iterations r.



2.1 Bounds for perfect load balancing

We let Do-All(t,p, f) stand for the Do-All problem for ¢
tasks, p processors and up to f crashes. The processors have
unique identifiers (PIDs) from the set [p] = {1,...,p}, and
the tasks have unique identifiers from the set [¢t] = {1,...,t}.
We let Do-All°(¢, p, f) denote the Do-All(t, p, f) problem that
is solved with the use of an oracle O that may make avail-
able to the processors a deterministic function of the global
history of the computation: in particular, the oracle may
be used to assist the processors to load-balance and termi-
nate (but unlike the oracle’s Delphian colleague, it cannot
predict the future). The oracle assumption is used as a
tool for studying the work complexity patterns of any fault-
tolerant algorithm: (i) of course, any lower bound developed
for this strong model applies equally well to weaker special-
ized message-passing or shared memory models, (ii) an al-
gorithm in the oracle model may be simulated in a message-
passing or shared memory model by suitably approximating
the oracle. As most Do-All algorithms use communication
to load-balance and detect termination, this framework al-
lows for the complexity analysis of specific algorithms to be
divided into two parts: (1) the analysis of the cost of toler-
ating failures while performing work assuming perfect load-
balancing, and (2) the analysis of the cost of implementing
perfect load-balancing. We used this approach to derive new
f-sensitive upper bounds for message-passing and shared-
memory models.

One may study the complexity of Do-All°(-) in conjunction
with a variety of different oracles. When we consider lower
bounds, we consider arbitrary oracles that may make avail-
able, for example, the entire global history of the computa-
tion on every processor. When we consider upper bounds,
we use the load-balancing oracle, Or,, described next. Dur-
ing each synchronous iteration of the computation, the or-
acle Or makes available to each processor P; two values:
Oracle-complete, a Boolean which takes the value true if and
only if all tasks were completed at the beginning of this it-
eration, and Oracle-task;, an integer whose value is a task
identifier with the property that the identifiers associated
to the live processors are split evenly among the tasks. In
particular, if processors i1,...,4 € [p] are alive and tasks
Ji,---,je € [t] are incomplete at the beginning of the itera-
tion, then Oracle-task;,, = jn, where n = (m—1 mod ¢)+1.

With foresight, we define below a quantity that allows us
to abbreviate the presentation of our results. We define the
quantity A}, ¢, where r is the number of Do-All iterations
(for r-iterative Do-All), and where ¢, p, and f appear in their
usual roles, as follows.

) (a) log(22)
At,p,f = . pr
(b) loglog(min(t,p)) when f > et @)

For a single instance Do-All, i.e., when r = 1, we simplify
this by defining A, , ; = A{, ;.

In presenting the upper bounds for Do-All°(t, p, f), we
consider the oracle-based algorithm in Figure 1. The oracle
Or, performs the termination and load-balancing computa-
tion on behalf of the processors.

The following upper bound can be shown by induction on
the number of unperformed tasks.

THEOREM 2.1 ([18]). The Do-AlI°L(t, p, f) problem can
be solved for any pattern of crashes using work W (t,p, ) =

O(t +p + plog(min(t,p)) /A p.5)-

pr

when f < b
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for each processor PID = 1..p begin
global T'[1..t];
while Oracle-complete() = false
do perform task T'[Oracle-task(PID)] od

end.

Figure 1: Oracle-based algorithm.

For the lower bounds we consider a specific adversarial
strategy. Let A be an iterative algorithm that solves the
Do-All°(t, p, f) problem. Let p; be the number of processors
remaining at the end of the i" iteration of A and let u;
denote the number of tasks that remain to be done at the
end of iteration ¢. Initially, po = p and uo = t. The strategy
of the adversary is defined for each iteration of the algorithm.
Based on a variable k, defined in the interval (0,1/2), the
adversary determines which processors will be allowed to
work and which will be crashed in a given iteration. We call
this adversary .

Adversary :

Iteration 1: The adversary chooses u1 = |kuo] tasks
with the least number of processors assigned to them.
This can be done since the adversary is omniscient; it
knows all the actions to be performed by A (as well
as any advice provided by the oracle). The adversary
then crashes the processors assigned to these tasks, if
any.

Iteration i: Among u,;_1 tasks remaining after the it-
eration ¢ —1, the adversary chooses U; = |ku;—1 ] tasks
with the least number of processors assigned to them
and crashes these processors.

Termination: The adversary continues for as long as
u; > 1. As soon as u; = 1, the adversary allows all
remaining processors to perform the single remaining
task, and A terminates.

The next result is obtained by optimizing .

THEOREM 2.2  ([18]). For any oracle O and for any al-
gorithm that solves Do—AIIO(t,p, f), there is an adversary that
causes work W (t,p, f) = £2(t + p + plog(min(t,p))/As . f))-

This lower bound applies to algorithms in more specialized
models, e.g., message passing or shared memory models.

The bounds in Theorems 2.1 and 2.2 show, for example,
that even with the help of the oracle, work grows rapidly as
the number of crashes increases from 0 to p/log p, at which
point work reaches its maximum at @ (plog p/loglog p), for
p=t.

2.2 Upper bounds for message-passing and
shared-memory models

We now show the utility of the complexity results under
the perfect load-balancing assumption. We present bounds
for two algorithms whose prior analyses did not integrate f
adequately. This is done by analyzing how load-balancing
is implemented by the algorithms, e.g., by using coordina-
tors or global data-structures. The first algorithm, called
AN [7], is an efficient synchronous message-passing algo-
rithm for Do-All with f < p < t. The second algorithm,
called W [29], is the best known synchronous shared-memory
algorithm for Write-All with f < p < t.



Message passing: Algorithm AN

Algorithm AN presented by Chlebus et al. [7] uses a multiple-
coordinator approach to solve Do-All(t,p, f) on crash-prone
synchronous message-passing processors. The model assumes
that messages incur a known bounded delay and that reli-
able multicast [22] is available, however messages to/from
faulty processors may be lost.

We give a brief description of the algorithm; additional de-
tails can be found in [7]. Algorithm AN proceeds in a loop
which is iterated until all the tasks are executed. A single
iteration of the loop is called a phase. A phase consists of
three consecutive stages. Each stage consists of three steps.
In each stage processors use the first step to receive mes-
sages sent in the previous stage, the second step to perform
local computation, and the third step to send messages. A
processor can be a coordinator or a worker. A phase may
have multiple coordinators. The number of processors that
assume the coordinator role is determined by the martin-
gale principle: if none of the expected coordinators survive
through the entire phase, then the number of coordinators
for the next phase is doubled. If at least one coordinator
survives in a given phase, then in the next phase there is
only one coordinator. A phase that is completed with at
least one coordinator alive is called attended, otherwise it is
called unattended.

Processors become coordinators and balance their loads
according to each processor’s local view. A local view con-
tains the set of ids of the processors assumed to be alive. The
local view is partitioned into layers. The first layer contains
one processor id, the second two ids, the i*" contains 2¢*
ids.

Given a phase, in the first stage, the processors perform
a task according to the load-balancing rule derived from
their local views and report the completion of the task to
the coordinators of that phase (determined by their local
views). In the second stage, the coordinators gather the
reports, they update the knowledge of the done tasks and
they multicast this information to the processors that are
assumed to be alive. In the last stage, the processors receive
the information sent by the coordinators and update their
knowledge of done tasks and their local views. Given the
full details of the algorithm, it is not difficult to see that
the combination of coordinators and local views allows the
processors to obtain the information that would be available
from the oracle Oy, in the algorithm in Figure 1.

It was shown in [7] that the work of algorithm AN is W =
O((t + plogp/ loglogp)log f) and its message complexity
is M = O(t + plogp/loglogp + fp), for f < p < t. The
message complexity M is defined as the total number of
point-to-point send by the processors during an execution
of an algorithm.

The new failure-sensitive analysis of algorithm AN yields
the following [18].

THEOREM 2.3. Algorithm AN solves Do-All(t,p, f) with
work W (t,p, f) = O(log f(t + plogp/A; , ;) and message

complexity M (t,p, f) = O (t +plogp/A,, ¢ +pf).

Shared memory: Algorithm W

For the shared memory model with synchronous crash-prone
processors, algorithm W of Kanellakis and Shvartsman [29]
is the most work-efficient algorithm for Write-All. We give a
brief description of the algorithm; additional details can be
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found in [29, 28]. Algorithm W is structured as a parallel
loop through four phases: (W1) a failure detecting phase,
(W2) a load rescheduling phase, (W3) a work phase, and
(W4) a phase that estimates the progress of the computation
and the remaining work, and that controls the parallel loop.
These phases use full binary trees with O(t) leaves. The
processors traverse the binary trees top-down or bottom-up
according to the phase. Each such traversal takes O(logt)
time (the height of a tree). For a single processor, each
iteration of the loop is called a block-step; since there are
four phases with at most one tree traversal per phase, each
block step takes O(logt) time.

In algorithm W the trees stored in shared memory serve as
the gathering places for global information about the num-
ber of active processors, remaining tasks and load-balancing.
It is not difficult to see that these binary trees indeed pro-
vide the information to the processors that would be avail-
able from the oracle Or, in the algorithm in Figure 1. The
binary tree used in phase W2 to implement load-balancing
and phase W3 to assess the remaining work is called the
progress tree. The tasks are associated with the leaves of the
progress tree. When a processor performs a task, it writes
the value 1 to the corresponding leaf of the tree (initially all
leafs have the value 0).

Prior analysis of work for algorithm W had it perform
O(t+plogtlogp/loglog p) work for f < p <t [39, 50]. Note
that this bound is conservative, since it does not include f,
the number of crashes.

The new failure-sensitive approach [18] gives an improved
and complete analysis of work for algorithm W.

THEOREM 2.4. Algorithm W solves the Write-All(¢, p, f)
problem using work O(t 4+ plogtlogp/A, , ¢).

Note that the two algorithms [7, 29] are designed for different
models and use dissimilar data and control structures, how-
ever both algorithms make their load-balancing decisions by
gathering global knowledge. By understanding what work
is expended on load-balancing vs. the inherent work over-
head due to the lower bounds, we are able to obtain the
failure-sensitive upper bounds.

2.3 Bounds for iterative algorithms

Write-All algorithms have been used in developing simula-
tions of failure-free algorithms on failure-prone processors.
This is done by iteratively using a Write-All/Do-All algorithm
to simulate the steps of ¢ failure-free “virtual” processors on
p failure-prone “physical” processors (the usual case is that
the number of physical processors does not exceed the num-
ber of virtual processors, i.e., p < t). We abstract this idea
as the iterative Do-All problem as follows:

The r-iterative Do-All problem, denoted r-Do-
All(¢, p, f), is the problem of using p processors to
solve r instances of ¢t-task Do-All with the added
restriction that every task of the ith instance
must be completed before any task of the 7+ 1st
instance is begun.

The oracle version r-Do-All%(t, p, f) is defined analogously.
An obvious solution for this problem is to run a Do-All al-
gorithm r times. If the work complexity of Do-All in a given
model is W(¢,p, f), then the work of r-Do-All is clearly no
more than r - W(¢,p, f). This does not take into account
the fact that f crashes occur throughout the r iterations.



We present a substantially better analysis of work, denoted
W (r,p,t, f), for crash-prone processors. In particular we
provide matching upper and lower bounds on work for r-Do-
Al(t, p, f), where f < p < t, for specific ranges of failures.

By iteratively using the algorithm of Figure 1 and using
our analysis for a single Do-All we obtain the following:

THEOREM 2.5  ([18]). The iterative m-Do-All°L(t,p, f)
problem for f < p <t can be solved with work W (r,t,p, f) =
O(r- (t+plogp/A;p5)).

By extending our analysis for a single Do-All we obtain:

THEOREM 2.6  ([18]). Given any algorithm that solves
r-Do-All%(t, p, f) for f < p < t and under any oracle O,
there exists an adversary that causes work W(r,t,p, f) =

Q(r - (t+plogp/Af, 5))-

The improvement in the above upper and lower bounds
are twofold. First, the derivation of the bounds reflects
the improved failure-sensitive analysis for a single Do-All.
Additionally, we have A, s > A, ; for any r, moreover
A; 5 is a constant with respect to r. The result is that
our bounds (Theorem 2.5) are asymptotically better than
those obtained by computing the product of r and the (non-
iterated) Do-All bounds (Theorem 2.1) (for p < t).

By iteratively using algorithm AN r times and using the
oracle-based analysis we show how to solve r-Do-All(¢, p, f)
(p < t) on synchronous message-passing crash-prone proces-
sors with the following work and message complexity:

THEOREM 2.7  ([18]). The r-Do-All(t,p, f) problem for
f <p <t can be solved with work
W(r,t,p, f) =0 (r-log (L) - (t +plogp/A}, 1))
and with message complexity
M(r,t,p, f) =0 (rA (t +plogp/A{7p’f) + fp).

By iteratively using algorithm W [29] r times and using
the failure-sensitive analysis we show how to solve r-Write-
All(t, p, f) on synchronous shared-memory crash-prone pro-
cessors (for f < p <t).

THEOREM 2.8  ([18]). The r-Write-All(t,p, f) problem
for f < p <t can be solved on synchronous crash-prone
processors, using shared memory, with work

W(r,t,p,f) =O (r- (t+plogtlogp/A}, ¢))-

The above result yields tighter bounds than the previously
known bounds of O(r - (t + plogtlogp/loglogt)) for deter-
ministic PRAM ([13]) simulations using algorithm W together
with the simulation techniques such as [32, 49]:

THEOREM 2.9. Any parallel synchronous t-processor, r-
time, shared-memory algorithm (PRAM) can be simulated on
p crash-prone synchronous processors (for f < p < t) with
work O (7’ - (t —I—plogtlogp/A:’p’f)).

3. COOPERATION IN THE ABSENCE OF
COMMUNICATION

We now completely turn to the setting where the Do-All
problem needs to be solved by distributed message-passing
processors. In such settings there exists a trade-off between
computation and communication: both resources must be
managed to decrease redundant computation and to en-
sure efficient computational progress. In this section we

specifically examine the extreme situation of collaboration
without communication. That is, we consider the extent
to which efficient collaboration is possible if all resources
are directed to computation at the expense of communica-
tion. Of course there are also cases where such an extreme
situation is not a matter of choice: the network may fail,
the mobile nodes may have intermittent connectivity, and
when communication is unavailable it may take a long time
to (re)establish connectivity. The results summarized in
this section precisely characterize the ability of distributed
agents to collaborate on a known collection of independent
tasks by means of local scheduling decisions that require
no communication and that achieve low redundant work in
task executions. Such scheduling solutions exhibit an in-
teresting connection between the distributed collaboration
problem and the mathematical design theory. The lower
bounds presented here along with the randomized and de-
terministic schedule constructions show the limitations on
such low-redundancy cooperation and show that schedules
with near-optimal redundancy can be efficiently constructed
by processors working in isolation.

To study aspects of the trade-off between communication
and computation in distributed cooperative applications, we
consider a variation on the usual Do-All problem: p pro-
cessors must perform t tasks and learn the results of all
tasks. We assume that all tasks are known to all proces-
sors. A common impediment to effective coordination in
distributed settings is asynchrony that manifests itself, for
example, in disparate processor speeds and nondeterminis-
tic message latency. Fortunately, our problem can always be
solved by a communication-oblivious algorithm that forces
each processor to perform all tasks. Such a solution has work
W = O(t-p), an requires no communication, i.e., M = 0. On
the other hand, £(t) is the obvious lower bound on work and
the best known lower bound is W = Q(t + plog p), cf. [28].
Therefore the trade-off expectation is that if we gradually
increase the number of messages we should be able to de-
crease the amount of work performed.

Let us consider an asynchronous setting, where processors
communicate by means of a rendezvous, i.e., two processors
that are able to communicate can perform state exchange.
The processors that are not able to communicate via ren-
dezvous have no choice but to perform all ¢ tasks. Consider
the computation with a single rendezvous. There are p — 2
processors that are unable to communicate, and they collec-
tively must perform exactly ¢ - (p — 2) work units to learn
all results. Now what about the remaining pair of proces-
sors that are able to rendezvous? In the worst case they
rendezvous after performing all tasks individually. In this
case no savings in work are realized. Suppose they ren-
dezvous having performed t/2 tasks each. In the best case,
the two processors performed mutually-exclusive subsets of
tasks and they learn the complete set of results as a conse-
quence of the rendezvous. In particular if these two proces-
sors know that they will be able to rendezvous in the future,
the could schedule their work as follows: one processors per-
forms the tasks in the order 1,2, ..., ¢, the other in the order
t,t—1,...,1. No matter when they happen rendezvous, the
number of tasks they both perform is minimized. Of course
the processors do not know a priori what pair will be able
to rendezvous. Thus it is interesting to produce task exe-
cution schedules for all processors, such that upon the first
rendezvous of any two processors the number of tasks per-



formed redundantly is minimized.

This setting we have just described is interesting for sev-
eral reasons. If the communication links are subject to fail-
ures, then each processor must be ready to execute all of
the ¢ tasks, whether or not it is able to communicate. In
realistic settings the processors may not initially be aware
of the network configuration, which would require expendi-
ture of computation resources to establish communication,
for example in radio networks. In distributed environments
involving autonomous agents, processors may choose not to
communicate either because they need to conserve power or
because they must maintain radio silence. Finally, during
the initial configuration of a dynamic network or a middle-
ware service (such as a group communication service [?]) the
individual processors may start working in isolation pending
the completion of system configuration. Regardless of the
reasons, it is important to direct any available computation
resources to performing the required tasks as soon as possi-
ble. In all such scenarios, the t tasks have to be scheduled
for execution by all processors. The goal of such scheduling
must be to control redundant task executions in the absence
of communication and during the period of time when the
communication channels are being (re)established.

The problem of assessing redundant work for distributed
cooperation in the absence of communication was studied
in [10]. Other approaches to dealing with limited commu-
nication include [47] and [15]. Dolev et al. [10] showed that
for the case of dynamic changes in connectivity, the termi-
nation time of any on-line task assignment algorithm can
be greater than the termination time of an off-line task as-
signment algorithm by a factor linear in ¢. This means that
an on-line algorithm may not be able to do better than the
trivial solution that incurs linear overhead by having each
processor perform all the tasks. With this observation [10]
develops an effective strategy for managing the task execu-
tion redundancy and proves that the strategy provides each
of the p < ¢ processors with a schedule of ©(¢}/?) tasks such
that at most one task is performed redundantly by any two
processors. In the rest of this section we summarize key
recent results in this area.

3.1 Schedules, waste, and designs

In our abstract setting there are p processors that need to
perform ¢ independent and idempotent tasks. The proces-
sors have unique identifiers from the set [p] = {1,...,p}, and
the tasks have unique identifiers from the set [t] = {1,...,t}.
Initially each processor knows the tasks that need to be per-
formed and their identifiers (otherwise no fault-tolerant dis-
tributed solution is possible).

A (p,t)-schedule is a tuple (o1,...,0p) of p permutations
of the set [t]. When p = 1 it is elided and we simply write ¢-
schedule. A (p,t)-schedule immediately gives rise to a strat-
egy for p isolated processors who must complete ¢ tasks until
communication between some pair (or group) is established:
the processor i simply proceeds to complete the tasks in the
order prescribed by o;. Suppose now that some k of these
processors, say qi, - - ., qk, should rendezvous at a time when
the ith processor in this group, ¢;, has completed a; tasks.
Ideally, the processors would have completed disjoint sets of
tasks, so that the total number of tasks completed is >, a;.
As this is too much to hope for in general, it is natural to
attempt to bound the gap between ) . a; and the actual
number of distinct tasks completed. This gap we call waste:
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DEFINITION 3.1. IfS is a (p,t)-schedule and (a1, ...
N*, the waste function for S is

k k
(Z a; — ani([ai])

this mazimum taken over all k tuples (q1,. . .
elements of [p].

aak) €

).

,qr) of distinct

Ws(al, .. .,ak)

(q15---»9k)

Here (and throughout), if ¢ : X — Y is a function and
S C X, welet ¢(S) = {¢(z) | x € S}. For a specific vector
a = (ai,...,ar), Ws(a) captures the worst-case number of
redundant tasks performed by any collection of k processors
when the ith process has completed the first a; tasks of its
schedule.

One immediate observation is that bounds on pairwise
waste can be naturally extended to bounds on k-wise waste:
specifically, note that if S is a (p, t)-schedule then

cak) < Wal(ai, ay)
i<j

just by considering the first two terms of the standard
inclusion-exclusion rule. Moreover, it appears that this re-
lationship is fairly tight as it is nearly attained by random-
ized schedules (see Section 3.3). With this justification we
shall content ourselves to focus the investigation on pairwise
waste—the function Ws(a, b).

Set systems with prescribed intersection properties have
been the object of intense study by both the design theory
community and the extremal set theory community (see,
e.g., [25] for a survey). Despite this, the study of waste
appears to be new. We shall, however, make substantial use
of some design-theoretic constructions, which we describe
below.

Ws(al, e

DEFINITION 3.2. A £-(v,k,\) design is a family of sub-
sets S = (S1,...,Sn) of the set [v] with the property that
each |S;| = k and any set of £ elements of [v] is a subset
of precisely A of the S;. (N.B. The subsets S; are typically
referred to as blocks.)

Observe that if S is a ¢-(v,k, A) design, then it is also a
(¢ —1)-(v, k, \) design where

(v—L0+1)
A(k*f‘i’l)

To see this, note that if T is a subset of elements of size
£ — 1, then there are exactly v — (£ — 1) sets of size £ which
contain T'; let U;,i € [v — (£ — 1)], denote these sets. By
assumption, each U; appears in exactly A of the S;. Of
course, if U; is a subset of some S;, then in fact exactly
k — (¢ — 1) if the U; are subsets of S;. Hence T appears in
exactly A(v — £+ 1)/(k — £+ 1) of the S}, as desired.

To see the connection between such designs and our
problem, let D be a 2-(p,k, \) design consisting of ¢ sets
S1,...,S¢. For each i € [p], let T; = {j | ¢ € S;}. Note now
that for any ¢ # 7,

TinTy; = {k|[{ij} C Sk}

and hence that |T; NT;| = A. Based on the observation
above, we see also that Vi, j,|Ti| = |T;| and let a denote
this common cardinality. Now, let ¥ = (01,...,0x,) be any
sequence of permutations of [¢] for which oi([a]) = T;. It is
clear that these form an (p,t)-schedule for which

Ws(a,a) = A

A=



Unfortunately, the above construction offers satisfactory
control of 2-waste only for the specific pair (a,a). Further-
more, considering that the construction only determines the
sets oi([a]) and o;([p] \ [a]), the ordering of these can be
conspiratorially arranged to yield poor bounds on waste for
other values. Our goal is construct schedules with satisfac-
tory control on waste for all pairs (a,b).

While designs do not appear to immediately induce a so-
lution to this problem, we will apply the following design-
theoretic construction several times in the sequel. Let GF(q)
denote the finite field with ¢ elements, where ¢ is a prime
power. Treating GF(q)? as a vector space over GF(q), the
design will be given by the lattice of linear subspaces of
GF(q)%. Tt is easy to check that there are n = ¢*> + ¢ + 1
distinct one dimensional subspaces of GF(q)*, which we de-
note ¢1,...,¢,. We say that two subspaces ¢; and ¢; are
orthogonal if Yu € £1,Yv € 2, (u,v) = Y ujv; mod g = 0;
in this case we write ¢; L £;. It is a fact that for any one di-
mensional subspace there are exactly ¢ + 1 one dimensional
subspaces to which it is orthogonal. The design consists of
then = ¢>+q+1 sets Sy, = {; | £; L £,}. Tt is easy to
show that any pair of such sets intersect at a single ¢;, and
that this forms a 2-(¢> + ¢+ 1,¢ + 1,1) design. See [25] for
a proof and more discussion.

For concreteness, we fix a specific (arbitrary) ordering of
each of these sets Sy: let L, denote a canonical sequence
(ty,...,t0) where S, = {£,; | 1 <4 < ¢+ 1}; i.e., the one
dimensional subspaces ¢,: ,ui =1,...,q9 + 1, are precisely
those orthogonal to 4,,. For convenience, for two sequences
A and B, we let AN B and AU B denote the corresponding
union or intersection of the sets of objects in the sequences.
We record the above discussion in the following proposition.

PROPOSITION 3.1. Let n = ¢*>+q+ 1, where q is a prime
power. Then the sequences L, = (L1,...,Ln) possess the
following properties: each L., has length qg+1, for each u # v,
|Ly N Ly| = 1, and any element appears in exactly q + 1
distinct sequences. We note also that if q is prime, the first
element of each sequence can be calculated in O(logn) time;
each subsequent element can be calculated in O(1) time.

In the sequel we will use these designs with n = p, the
number of processors. We assume throughout that addition
or multiplication of two log (max{p, t})-bit numbers can be
performed in O(1) time.

3.2 Redundancy without communication:
a lower bound

Controlling global computation redundancy in the ab-
sence of communication is a futile task. This is because
no amount of algorithmic sophistication can compensate for
the possibility of individual processors, or groups of pro-
cessors, becoming disconnected during the computation. In
general, an adversary that is able to partition the processors
into g groups that cannot communicate with each other will
cause any task-performing algorithm to have work Q(t - g),
even if each group of processors performs no more than the
optimal number of O(t) tasks. In the extreme case where all
processors are isolated from the beginning, the work of any
algorithm is Q(¢-p), which is at least the work of an oblivious
algorithm, where each processor performs all tasks.

Of course it is not surprising that substantial redundancy
cannot be avoided in the absence of communication, fur-
thermore, the lower bound on work of Q(¢ - p) is not very
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interesting. However, as we pointed out earlier, it is pos-
sible to schedule the work of a pair of processors so that
each can perform up to ¢/2 tasks without a single task per-
formed redundantly. Thus it is very interesting to consider
the intersection properties of pairs of processor schedules,
i.e., 2-waste.

If we insist that among the p total processors, any two
processors, having executed the same number of tasks ¢/,
where t' < t, perform no redundant work, then it must
be the case that ' < [t/p|. In particular, if p = ¢, then
the pairwise waste jumps to one if any processor executes
more than one task. The next natural question is: how
many tasks can processors complete before the lower bound
on pairwise redundant work is 2?7 In general, if any two
processors perform t1 and t2 tasks respectively, what is the
lower bound on pairwise redundant work? In this section
we answer these questions. The answers contain both good
and bad news: given a fixed ¢, the lower bound on pairwise
redundant work starts growing slowly for small ¢; and t2,
then grows quadratically in the schedule length as ¢1 and t2
approach t.

Now we proceed to the lower bound, which generalizes the
second Johnson Bound [26] for the case when two processors
execute different number of tasks prior to their rendezvous.

THEOREM 3.2  ([45]). Let P = (m1,...
schedule and let 0 < a < b <t. Then
Wp(a,b) > pa” —
P ==t -bt+a) p—1

,p) be a (p,t)-

For example, when processors perform the same number

of tasks ¢ = b and p = t, then the worst case number of
(12—(1
t—1

that (for p = t) if a exceeds v/t + 1, then the number of
redundant task is at least 2.

This means

redundant tasks for any pair is at least

COROLLARY 3.3 ([36]). Fort=p, ifa >/t —3/4+3
then any p-processor schedule of length a for t tasks has
worst case pairwise waste at least 2.

3.3 Random schedules

As one would expect, schedules chosen at random per-
form quite well. In this section we explore the behavior of
the (p,t)-schedules obtained when each permutation is se-
lected uniformly (and independently) at random among all
permutations of [¢].

Randomized schedules

When the processors are endowed with a reasonable source
of randomness, a natural candidate scheduling algorithm
is one where processors select tasks by choosing them uni-
formly among all tasks they have not yet completed. This
amounts to the selection, by each processor i, of a random
permutation w; € S[t] which determines the order in which
this processor will complete the tasks. (S| denotes the col-
lection of all permutations of the set [¢].) We let R be the
resulting system of schedules.

Our objective now is to show that random schedules R
have controlled waste with high probability. This amounts
to bounding, for each pair i, j and each pair of numbers a, b,
the overlap |m;([a]) Nm;([b])]. Observe that when these m;
are selected at random, the expected size of this intersection
is ab/t. By showing that the actual waste is very likely to



be close to this expected value, one can conclude the waste
if bounded for all long enough prefixes.

THEOREM 3.4  ([36]). Let R be a system of p random
schedules for t tasks constructed as above. Then with prob-
ability at least 1 — #, Ya,b such that 7v/tIn (2pt) < a,b < t,

Wr(a,b) < a?b + A(a,b) , where A(a,b) = 111/ % In(2pt) .
Observe that Theorem 3.2 shows that (p,t)-schedules
must have waste W(a,a) = Q(a®/t) (as p — 00); hence

such randomized schedules offer nearly optimal waste for
this case.

k-Waste for random schedules

For random schedules, one can apply martingale techniques
to directly control k-wise waste. We mention one such result.

THEOREM 3.5 ([37]). Consider the random schedule R
as given above. Then with probability at least 1 — 1/p,

k S
S Z(_l)s (i) t?—l

alnp .

Wr(a,. ..

+ Aa,lﬁ

where Ak = (2k + 1)

Note that again this bounds the distance of the k-waste from
its expected value, which can be computed by inclusion-
exclusion to be Zfﬂ(—l)s(’;) tfjl. The proof, which we
omit, proceeds by considering the martingale which exposes
the ith element of all schedules at step ¢. The theorem then
follows by noting that the expected value can change by
at most k during a single exposure and applying Azuma’s
inequality. (See [1] for a discussion of discrete exposure mar-
tingales and Azuma’s inequality.)

3.4 Derandomization via finite geometries

‘We now consider a method for derandomizing these sched-
ules using the design discussed in Section 3.1.

Schedules for p =t

We construct a system of schedules of length p by arranging
tasks from the sequences of £, in a recursive fashion. (Re-
call that while the sequences of £, have strong intersection
properties, they are only roughly ,/p in length.) In prepara-
tion for the recursive construction, we record the following
lemma about the pairwise intersections of the elements in
the sequence of £, indezed by a specific subspace L.

LEMMA 3.6  ([37]). Let £, = (L1,...,Lyp) be the col-
lection of sequences constructed in Theorem 8.1, and let
L, = {to,...,tT™), 1 < u < p. Then for any i # j, we
have Ly;; MLy = {u}.

As a result of this lemma, there is only a single repeated
element in the sequences Lti’ Ltﬁ’ e Ltz+1; this element is
u. This fact suggests the following construction of a system
of schedules Pp. Let P,, 1 < u < p, be the sequence whose
first element is u, and whose remaining elements are given
by concatenating the g 4+ 1 sequences L1, ... ,Lt%+1 after
removing u from each. Specifically,

P, = <u> o (OiELu(Li - u))7
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where o denotes concatenation and L; — v denotes the se-
quence L; with u deleted. Note now that since the total
length of P, is evidently (¢ + 1)q + 1 = p, each element of
[p] must appear exactly once in each P,; these P, thus give
rise to a family of permutations 7., where 7, (k) is the kth
element of P,. Let Pp = (m1,...,7p).

We conceptually divide the sequences P, (associated with
the permutations 7,) into ¢ + 1 segments of elements. The
first segment contains the first ¢ + 1 elements (including
the initial element u); the remaining g segments contain g
consecutive elements each.

This recursive construction yields a straightforward bound
on pairwise waste, recorded below.

THEOREM 3.7  ([37]). Let q be a prime power, p = ¢> +
g+1. Leta=141iq,b=1+7jq, 0<14,j<qg+ 1. Then

0, i+ 35 =0,
Wp, (a,b) < <1, 1=0,j>1o0ri>1,7=0,
q+ij, i-j=1

We mention that the construction can be done on-line.
For each schedule the first element can be calculated in O(1)
time. For the remaining ¢(q + 1) elements, at the beginning
of every sequence of ¢ elements we need to invert at most
two elements in GF(q). When ¢ is prime this can be done
in O(log p) using the extended Euclidean algorithm. Other
elements of the schedule can be found in O(1) time.

Note that when t = kp for some k € N, the above con-
struction can be trivially applied by placing the ¢ tasks into
p chunks of size x. In this case, of course, when a single
overlap occurred in the original construction, this penalty is
amplified by x.

Controlling waste for short prefixes

One disadvantage of Py, is that the first segment may repeat,
so that (¢+ 1) waste may be incurred when a prefix of length
d = (g+1) is executed. To postpone this increase one would
like to rearrange the segments in each P, so that the first
segment is distinct across the resulting schedules. This can
be accomplished by finding a bijection p : [p] — [p] such that
the sequence L, contains task p(u). (In other words ¢, must
be orthogonal to £,,).) This bijection can then be used to
select distinct segments as the first segments of schedules in
Pp.
Consider the bipartite graph G, = (Up,V,, Ep) where
Uy, =V, = [p] and p = ¢*> + ¢ + 1; here ¢ is a prime power.
Both U, and V,, can be placed in one-to-one correspondence
with the one dimensional subspaces of GF(q)3. An edge is
placed between ¢, € Uy, and ¢, € V,, when they are orthogo-
nal. Based on the structure of GF(g)?, it is not hard to show
that G, is (¢+1)-regular. By Hall’s theorem (see, e.g., [23]),
there is always a perfect matching in a d-regular bipartite
graph and note that such a matching yields a permutation
p with the desired properties. In particular if the edge (u,v)
appears in the perfect matching, then we put p(u) = v.
This matching can be found using the Hopcroft-Karp algo-
rithm [24] that runs in time O(\/]U[ + V] - |E|) = O(®?).

We use p to construct the system of schedules G, such that
the first segments are distinct. Specifically, given L,, the
system of schedules G, = (y1,...,7p) is defined as follows.
For any 1 < u < p, the sequence G, is given by

Gu = (u) o (L) = {u}) o (Oiery—p) (Li — u)).



Then 7, is the permutation associated with G.,,.

THEOREM 3.8  ([37]). Let q be a prime power, p = ¢> +
g+1. Leta=14iqg,b=1+4+7q, 0<14,j <qg+ 1. Then:

0, i+j5=0,
1, i=0,j>1ori>1,j=0,
W ,0) <
gP(a’ )_ 17 ZJ:17
q+ij, i-j>1.

Observe that this construction is time-optimal as it pro-
duces p* elements and runs in O(p?) time. However, the
algorithm requires O(p2) time to construct even a single
permutation.

4. WORK-COMPETITIVE SCHEDULING

Given that no algorithm is able to maintain low total work
in the presence of communication failures that partition the
system, we pursue competitive analysis of the Do-All prob-
lem. In particular we consider the partitionable network
consisting of p asynchronous processors with a communi-
cation medium that is subject to arbitrary partitions during
the life of the computation. This model is motivated by
the abstraction provided by a typical group communication
scheme; see, for example, [5] and the surveys in [44]. Specif-
ically, at each point of the computation, we assume that the
communication medium effectively partitions the processors
into non-overlapping groups: communication within a group
is instantaneous and reliable, communication across groups
is impossible. Naturally, processors in the same group can
share their knowledge of completed tasks and, while they re-
main connected, avoid doing redundant work. We refer to a
transition from one partition to another as a reconfiguration.

Our goal is to design schedules that minimize the total
work, where work is defined to be the number of tasks ex-
ecuted by all the processors during the entire computation
(counting multiplicities). Ideally, the sets of tasks completed
by two groups of processors when these groups are merged
should be disjoint to avoid wasted effort. This is impos-
sible in general, as processors must schedule their work in
ignorance of future reconfigurations and, moreover, circum-
stances where two groups of processors merge who have col-
lectively completed more than ¢ tasks will necessitate wasted
work. A processor may cease executing tasks only when it
knows the results of all tasks. We refer to this version of the
Do-All problem as Do-All*.

We do not charge for coordination within a group, sim-
ply treating grouped processors as a single (virtual) asyn-
chronous processor. In particular, if a group of processors
performs a set of t tasks during the lifetime of the group,
we charge this group ¢ units of work, ignoring, for example,
partially completed tasks which may remain at the group’s
demise or the cost of synchronizing processors’ knowledge
during the group’s inception. Note that while processors
are asynchronous, they do not crash.

An algorithm in this model is a rule which, given a group
of processors and a set of tasks known by this group to be
complete, determines a task for the group to complete next.
In the case where all processors are disconnected during the
entire computation, any algorithm must incur (¢ - p) work.
On the other hand, any reasonable algorithm should attain
O(t) work in the case where all processors remain connected
during the computation. Considering that every algorithm
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performs poorly in the totally disconnected case, it seems
reasonable to treat the problem as an on-line problem and
pursue competitive analysis [46].

We consider the behavior of an algorithm in the face of an
adversary (which is oblivious in the sense of [4]) that deter-
mines both the sequence of reconfigurations and the number
of tasks completed by each group before it is involved in
another reconfiguration. Taken together, this information
determines a computation pattern: this is a directed acyclic
graph (DAG), each vertex of which corresponds to a group
G of processors that existed during the computation; a di-
rected edge is placed from G to G2 if G2 was created by
a reconfiguration involving G1. We label each vertex of the
DAG with the group of processors associated with that ver-
tex and the total number of tasks that the adversary allows
the group of processors to perform before the next recon-
figuration occurs. Note that different adversaries (causing
different sequences of reconfigurations) may give rise to the
same computation pattern; the work caused by an adver-
sary, however, depends only on the computation pattern de-
termined by that adversary.

Specifically, if ¢ is the number of tasks and p the number of
processors, then such a computation pattern is a labeled and
weighted directed acyclic graph, that we call a (p, t)-DAG:

DEFINITION 4.1. A (p,t)-DAG is a directed acyclic graph
C = (V,E) augmented with a weight function h : V — N
and a labeling g : V — 2P\ {0} so that:

(i) Yv € V, h(v) < p, and for any mazimal path p =
(v1,...,uk) in C, Y h(vs) > t. (This guarantees that
any algorithm terminates during the computation de-
scribed by the DAG.)

(ii) g possesses the following “initial conditions”:

=

v: in(v)=0

g(v).

(ii1) g respects the following “conservation law”: there is a
function ¢ : E — 2P\ {0} so that for each v € V with
in(v) > 0,

U (),

(u,v)EE

g(v) =

and for each v € V' with out(v) > 0,

U #((v,u)).

(v,u)€E

g(v) =

Here U denotes disjoint union and in(v) and out(v) denote
the in-degree and out-degree of v, respectively.

EXAMPLE. A sample (12,t)-DAG is shown in
Figure 2. Here we have g1 = {p1}, g2 = {p2,p3,p4},
93 = {ps,pe}, 92 = {pr}, 95 = {ps,po,p10,p11,p12},
96 = {p1,p2,p3,p1,p6}, 97 = {ps, P10}, gs = {po,p11,p12},
9o = {p1,p2,p3,P4,P6, P8, P10}, gro = {ps,p11}, and g1 =
{po, p12}.

This computation pattern models all asynchronous com-
putations (adversaries) with the following behavior: (i) The
processors in groups g1 and g2 and processor ps of group
gs are regrouped during some reconfiguration to form group
ge. Processor ps of group gs becomes a member of group



Figure 2: An example of a (12,¢)-DAG

g10 during the same reconfiguration (see below). Prior to
this reconfiguration, processor pi (the singleton group g1)
has performed exactly 5 tasks, the processors in g2 have co-
operatively performed exactly 3 tasks and the processors in
g3 have cooperatively performed exactly 8 tasks (assuming
that ¢t > 8). (ii) Group gs is partitioned during some re-
configuration into two new groups, g7 and gs. Prior to this
reconfiguration, the processors in gs have performed exactly
2 tasks. (iii) Groups g¢ and g7 merge during some reconfigu-
ration and form group gg. Prior to this merge, the processors
in g6 have performed exactly 4 tasks (counting only the ones
performed after the formation of g¢ and assuming that there
are at least 4 tasks remaining to be done) and the processors
in g7 have performed exactly 5 tasks. (iv) The processors
in group gs and processor ps of group g3 are regrouped dur-
ing some reconfiguration into groups gio and gi1. Prior to
this reconfiguration, the processors in group g¢gs have per-
formed exactly 6 tasks (assuming that there are at least 6
tasks remaining, otherwise they would have performed the
remaining tasks). (v) The processors in go, g10, and g11 run
until completion with no further reconfigurations. (vi) Pro-
cessor pr (the singleton group g4) runs in isolation for the
entire computation. O

We say that two groups G and G’ are independent if there
is no directed path connecting one to the other. For a com-
putation pattern C, the computation width of C, denoted
cw(C), is the maximum number of independent groups
reachable (along directed paths) in this DAG from any ver-
tex.

We consider a competitive analysis that compares the
work of a randomized algorithm with the work of an op-
timal algorithm that has complete information about the
computation history (and hence the future pattern of recon-
figurations).

Let D be a deterministic algorithm for Do-All* and C a
computation pattern, we let Wp(C') denote the total work
expended by algorithm D, where reconfigurations are deter-
mined according to the computation pattern C.

We treat randomized algorithms as distributions over de-
terministic algorithms; for a set = and a family of determin-
istic algorithms {D, | r € E} we let R = R{D, | r € E})
denote the randomized algorithm where r is selected uni-
formly at random from = and scheduling is done according
to D,. For a real-valued random variable X, we let E[X]
denote its expected value. We let OPT denote the optimal
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off-line algorithm, which may schedule tasks with full knowl-
edge of the pattern of reconfigurations. Specifically, for each
C we define Wopr(C) = minp Wp(C).

DEFINITION 4.2 ([46, 12, 4]). Let o be a real valued
function defined on the set of all (p,t)-DAGs (for all p and
t). A randomized algorithm R is a-competitive if for all
computation patterns C,

E.[Wp,(C)] £ a(CYWopr(C),

this expectation being taken over uniform choice of r € =.

We begin with a lower bound for deterministic algorithms.
This is then applied to give a lower bound for randomized
algorithms in Corollary 4.2.

THEOREM 4.1 ([19]). Let a : N — R and D be a de-
terministic scheduling algorithm for Do-All* so that D 1is
a(cw(-))-competitive (that is D is a-competitive, for a func-
tion « = aocw). Then a(c) > 1+ c/e.

This theorem is proved by producing a stochastic com-
putation pattern C' that is independent of the deterministic
algorithm D—this immediately gives rise to a lower bound
for randomized algorithms:

COROLLARY 4.2 ([19]). Let R{D. | r € E}) be a ran-
domized scheduling algorithm for the Do-All* problem that is
(a o cw)-competitive. Then a(c) > 1+ c/e.

Unless the above lower bound is “too weak”, it suggests
that it is worthwhile to seek algorithms that are very com-
petitive, despite the potentially high bounds on “absolute”
work.

We consider the natural randomized algorithm RS where
a processor (or group) with knowledge that the tasks in a
set K C [t] have been completed selects to next complete a
task at random from the set [t] \ K. More formally, let II =
(m1,...,7p) be a p-tuple of permutations, where each =; is a
permutation of [t]). We describe a deterministic algorithm
D so that

RS = R({Dnu |II € (Si)"}),

where Sp; is the collection of permutations on [t]. Let G
be a group of processors and v € G the processor in G
with the lowest processor identifier. Then the deterministic
algorithm Dry specifies that the group G, should it know that
the tasks in K C [t] have been completed, next completes
the first task in the sequence 7 (1),..., 7 (¢) which is not
in K.

It turns out that this algorithm is optimal with respect to
the lower bound on competitive ratios.

THEOREM 4.3  ([19]). Algorithm RS is (1 + cw(C)/e)-
competitive for any computation pattern C.

From the definition of computation width, it is not dif-
ficult to observe that any computation pattern C' contain-
ing only patterns of merges has cw(C) = 1. Hence, from
Corollary 4.2 and Theorem 4.3 we get that algorithm RS is
optimally work-competitive for any given pattern of merges.

COROLLARY 4.4 ([19]). Algorithm RS s
competitive for any (p,t)-DAG C with cw(C) = 1.

(1+3)-



S. DISCUSSION

We surveyed several recent results that characterize the
ability of p processors to cooperate in performing a common
set of ¢ tasks in the presence of adversity. We presented
failure-sensitive upper and lower bounds for distributed co-
operation problems when synchronous processors are sub-
ject to crash failures. We presented bounds on redundant
work for distributed cooperation during the prolonged ab-
sence of communication Finally, we presented a competitive
analysis of cooperative work performed by fragmenting and
merging groups of processors.

There are several interesting open problems in this area.
We mention just a few of them. For the asynchronous
shared-memory model, a large gap remains between the
lower bounds on work and the best known upper bound [2]
for the full range of processors (p = t). For both the shared-
memory and message-passing models, there is some progress
in reducing the upper bounds with the help of permutations
that have certain combinatorial properties. Such permuta-
tions are known to exist, but it appears to be very challeng-
ing to construct them efficiently.

We established bounds on the competitive ratio of a nat-
ural randomized algorithm for scheduling in partitionable
networks. One outstanding open question is to derandom-
ize the schedules used by task-performing algorithms. An-
other promising direction is to study the task-performing
paradigm in the models of computation that combine net-
work reconfigurations with processor failures. The goal is to
establish complexity results that show how performance of
task-performing algorithms depends both on the extent of
the network reconfiguration and on the number of processor
failures.

Credits. The results surveyed in Sections 2 and 4 are con-
tained in Georgiou’s upcoming doctoral dissertation [16].
The results surveyed in Section 3 are contained in Malewicz’s
upcoming doctoral dissertation [34].
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