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Abstract

In many database applications involving string data,
it is common to have near neighbor queries (asking for
strings that are similar to a query string) or nearest
neighbor queries (asking for strings that are most simi-
lar to a query string). The similarity between strings is
defined in terms of a distance function determined by the
application domain. The most popular string distance
measures are based on (a weighted) count of (i) char-
acter edit or (ii) block edit operations to transform one
string into the other. Examples include the Levenshtein
edit distance and the recently introduced compression
distance.

The main goal in this paper is to develop efficient
near(est) neighbor search tools that work for both char-
acter and block edit distances. Our premise is that
distance-based indexing methods, which are originally
designed for metric distances can be modified for string
distance measures, provided that they form almost met-
rics. We show that several distance measures, such as
the compression distance and weighted character edit
distance are almost metrics. In order to analyze the per-
formance of distance based indexing methods (in par-
ticular VP trees) for strings, we then develop a model
based on distribution of pairwise distances. Based on
this model we show how to modify VP trees to improve
their performance on string data, providing tradeoffs be-
tween search time and space. We test our theoretical
results on synthetic data sets and protein strings.

1 Introduction

In many database applications, including those in
computational genomics and proteomics, text and audio
processing and computational finance, it is common to
have proximity queries such as asking for strings that are
similar to a query string (near neighbor search), or are
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most similar to a query string (nearest neighbor search).
The similarity between strings is defined in terms of a
distance function determined by the application domain.
The most popular string distance measures are based on
(a weighted) count of (i) character edit or (ii) block edit
operations to transform one string into the other.

Character edit distances, such as the (unweighted)
Levenshtein edit distance [34] or its weighted version
have been used for decades for measuring the func-
tional and evolutionary similarity of DNA and protein
strings [41, 46].

Block edit distances, such as the transformation dis-
tance of Varre et. al. [49] and its closely related compan-
ion, the compression distance of Li et. al. [37, 11, 38] are
recent alternatives to the character edit distances. Such
distances can be described in terms of the minimum
number of single character and block edit operations to
transform one string into another. Block edit distances,
in particular the compression distance, provide practi-
cal upper bounds to the algorithmic complexity among
strings (i.e. the Kolmogorov complexity of a string when
an external string is available for support [37, 38]). Al-
though recently introduced, the compression distance
attracted considerable attention from general scientific
community [40] due to its demonstrated success in
capturing the evolutionary relationships between world
languages (through comparing “declaration of human
rights” in various languages), [11], DNA and RNA se-
quences®, as well as identification of authorship for
works of literature [11].

Our aim in this paper is to develop efficient near(est)
neighbor search tools that work for both character and
block edit distances.

Background. Efficient indexing methods compute
the near neighbors of a query item by iteratively prun-
ing subsets of potential answers to a query (desirably a
large fraction of them) by partitioning the data set and
checking out to which partition the query belongs. For
vector spaces (where dimensions are well defined), this
pruning can be done by focusing on a small number
of dimensions (preferably one) at a time. Spatial in-
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dex structures such as R-trees [26], R+-trees [44], R*-
trees [8], quad-trees [21], X-trees [10], SR-trees [30],
A-trees [43], and others are examples that employ this
general strategy. These data structures work quite well
for vector spaces with small dimensionality; however
as the number of dimensions grow, their performance
drops significantly, possibly to the level of the brute-
force search [18, 12, 51].

To overcome the curse of dimensionality in vector
spaces, several dimension reduction techniques, such as
those based on random projections, sampling, etc., have
been demonstrated to be effective [1, 17, 22, 27, 33].
For example, one can estimate the Hamming distance
between two data items within some (1 + €) approxi-
mation factor by comparing a small random sample of
their attributes (i.e. dimensions). Clearly this general
approach requires that the data items have well defined
dimensions, i.e., a priori knowledge of which attribute
of one data point is compared with which attribute of
another. Strings under edit distances have no clear no-
tion of a dimension: even a single character insertion or
deletion may alter which attribute (i.e. character/block)
of one string needs to be aligned and compared to which
attribute of the other string. Thus these approaches are
not directly applicable to string databases.

Dimension reduction techniques for strings under
various edit distances rather “reduce” a long query
string to one or more of its substrings (usually called
g-grams) [23, 31, 6, 5] and identify all strings in the
database which also include such substring (i.e. g-
grams). Many of these methods are designed for sub-
string similarity search problems in which the goal is to
find the most similar substrings of a long text string to
a query string. When applied to similarity search prob-
lems involving full strings (which are the main focus of
our work), these methods usually provide a tradeoff be-
tween the false positive rate and the false negative rate
by adjusting the length of the g-grams searched. With
proper calibration, such methods can prune out > 50%
of the strings in certain data sets, however, for many
other data sets their performance drops to the level of
brute force search.

An alternative method for dimension reduction for
strings was presented in [39] which provides an involved
mapping of strings under certain block edit distances
(such as the transformation distance [49]) to binary vec-
tors under the Hamming distance. Although the number
of dimensions in these binary vectors are high, they can
later be decreased substantially through random projec-
tions [17, 22, 27, 33]. Unfortunately this approach im-
poses an approximation factor of O(lognlog* n) that
must be tolerated, which makes it unsuitable for several
applications. Moreover, this general approach is not ap-

propriate for any character edit distance.

Contributions. Our main premise is that string
similarity search can be performed efficiently through
distance-based indexing [13, 48, 16] . Originally de-
signed for metric spaces, vantage point trees (VP-
trees) [52], their variant MVP-trees [14], and M-
trees [20] are examples of distance-based indexing
methods. Our focus in this paper is on VP trees which it-
eratively partition a given data set by defining “spheres”
around select “vantage” points in the input space. Prun-
ing is achieved if the “query sphere” falls completely
within or outside of the vantage point’s sphere; this is
possible due to triangular inequality, a necessary condi-
tion for a space to be metric.

Unfortunately many string distance measures do not
satisfy the triangular inequality; examples include the
weighted character edit distance [41, 46] and the com-
pression distance [37, 11, 38]. In order to use distance
based indexing techniques under such measures we em-
ploy the following strategy.

(1) We first show that the compression distance and
the weighted character edit distance are almost metrics,
a new notion we introduce in this paper to describe dis-
tance measures which are reflexive, symmetric, and sat-
isfy the triangular inequality within a constant factor.

(2) We then show how to update pruning conditions
on distance based indexing methods if the distance mea-
sure used is an almost metric. The constant factor in the
triangular inequality satisfied by the distance function
has an important role in the performance of this modi-
fied index.

(3) In high dimensional spaces, many indexing meth-
ods perform poorly if the data is uniformly distributed
over the input space [9, 12]; however not much is known
for other data distributions. However we observe that
many applications involve string data with high levels
of clustering. Our examples include all known protein
strings that are active in the human brain and other or-
ganisms, and declaration of human rights in 52 Euro-
Asian languages. For both data sets we plot f(r), the
number of pairs of strings whose distance is less than
some radius r against r to observe that the first data
set exhibits a polynomial distribution (a power law)
whereas the second exhibits an exponential distribution.
We show how to exploit this bias to improve the perfor-
mance of distance based indexing methods (in particular
V/P-trees) by providing a tradeoff between query time
and space for both polynomial and exponential distribu-
tions.

(4) We verify our theoretical results on near(est)
neighbor search via updated VP-trees using various data
sets under several distance functions. We first test our
implementation on synthetic data that enables us to bet-



ter understand its performance dependency to specific
parameters of the data set. We also test it on a number
of data sets (e.g. the complete human proteome) and ob-
tain good performance; for example we achieve > 90%
pruning in nearest neighbor search among proteins that
are active in brain.

Notation. Throughout the paper S,Q, R, T denote
strings from an arbitrary alphabet; S[i] denotes the i**
character of string .S and S[i : j] the substring between
the it and j** characters (inclusive) of S. The length of
the string S is denoted by |S|. Given two strings .S and
R, we denote by SR the concatenation of S and R, and
by St the concatenation of 4 copies of S.

2 String Similarity Measures

Given two strings R and S, one can describe a trans-
formation of one string into the other through a set of
specified edit operations. Possible edit operations that
involve single characters are character insertion, char-
acter deletion and character replacement. One may also
consider block (i.e. substring) edits such as: block copy-
ing, block deletion and block relocation. Each of these
edit operations may have a specific cost, thus given a
transformation from R to S, the distance d(R — S)
from R to S can be defined as the minimum total cost
of edit operations to transform R to S. Such a distance
d(.,.) is not necessarily symmetric, i.e., there may be
strings S and R for which d(R — S) # d(S — R)
(consider, for example, transforming an empty string to
a long string, and then consider the reverse transforma-
tion). Given a transformation, the symmetric version
of the distance d() implied by this transformation can
be defined as d(S,R) = 3 -[d(S — R) +d(R —
S)] = d(R,S).

It is possible to classify transformations from R into
S and the distances between them according to the
source and the destination of edit operations permitted.

External transformations iteratively construct S from
an initially empty string S’ by performing edit opera-
tions whose source is R and whose destination is S’;
thus R does not change during the transformation.

Example 1 Consider an external transformation
that allows only block copy operations. One
can transform R = A,C,T,G,A,T,G to § =
AT, C, T,G,T,G, A via 3 block copies starting with
anempty S: (1) copy block A, T from R to the right end
of S to obtain S = A, T, (2) copy block C, T, G from R
toobtain S = A, T,C,T, G, (3) copy block T, G, A to
obtainS = A, T,C,T,G,T,G, A.

Internal transformations construct S by iteratively
applying edit operations to string S’ which is initially

set to R.

Example 2 Consider an internal transformation
that allows block deletions, relocations and copies.
One can transform R = A,C,T,G,A,T,Gt0 S =
AT,C,T,G,T,G, Avia2 such block operations start-
ingwith S = R = ACT,G,AT,G, (1) move
the rightmost A to the right end of S to obtain S =
A CT,G,T,G, A, (2)copy T to second position in S
toobtainS = A, T,C,T,G,T, G, A.

An orthogonal classification of transformations (and
corresponding distances) between R and S is according
to the restrictions on the destinations of the edit opera-
tions allowed.

Marginal transformations allow edit operations
whose destinations are either a prefix or a suffix of the
string that evolves into S.

Unrestricted transformations allow edit operations
whose destinations can be any arbitrary location on the
string that evolves into S.

Commonly Used String Distance Measures. Ar-
guably the most commonly used similarity measure for
strings is the character edit distance, which is also re-
ferred as the Levenshtein edit distance or simply the edit
distance [34]. It can be defined as the minimum num-
ber of single character insertions, deletions and replace-
ments needed to transform one string into another. In
terms of the notions introduced above, this transforma-
tion is internal and unrestricted. Weighted versions of
the character edit distance assign costs to specific oper-
ations to specific characters.

More recently block edit operations and distances
based on these operations have received considerable
attention [40] especially in the context of evolutionary
analysis of world languages and genome strings (e.g.
mitochondrial DNA) from various species. Given two
strings R and S, the transformation distance [49] is de-
fined to be the minimum number of block relocations,
copies and deletions as well as single character inser-
tions, deletions and replacements to transform one string
to another in the internal, unrestricted model. Here,
string R is transformed into S by assigning S’ = R
and applying available edit operations directly on S’ to
transform it to S. This distance is identical to the the
block edit distance of [39]; because of its generality, it
provides a lower bound to any distance based on block
edits.

Although the transformation distance (a.k.a. the
block edit distance) includes all edit operations respon-
sible from genome sequence or natural language evolu-
tion, it is NP-hard to compute [36]. For heuristically ap-
proximating the transformation distance [49] it is possi-
ble to put a restriction on the edit operations by employ-



ing the external, 1-sided marginal model. In other words
one can start with an empty string S’ and transform it to
S by (externally) copying blocks of R or inserting sin-
gle characters to the right end of S’. The number of such
edit operations performed gives an upper bound on the
transformation distance.

Such limitations on the transformation distance can
be relaxed by allowing internal copying of blocks of S’
toits right end as well. We will call the resulting distance
as the compression distance. Introduced in [37, 11, 38],
the compression distance basically measures the number
of Lempel-Ziv-77 phrases obtained during the compres-
sion of a string S when another string R is used as part
of the dictionary. By the use of suffix trees the compres-
sion distance can be computed in time linear with the
lengths of the strings [42].

Summary of Our Results. Although the character
edit distance and the transformation distance are met-
ric distances, their more useful siblings, the weighted
character edit distance and the compression distance are
not. In this section we state that the compression dis-
tance and the weighted edit distance? are almost metrics,
i.e. they are symmetric, reflexive and satisfy the triangu-
lar inequality within a constant factor. Note that due to
space constraints we leave most of the proofs to the full
version of the paper.

2.1 Compression Distance is an Almost Metric

Compression distance as used in [37, 11, 38] can be
defined in our framework as follows.

Definition 1 Consider the following internal trans-
formation from R to S and its associated symmetric dis-
tance ¢(R,S), called the compression transformation
and the compression distance respectively: R is trans-
formed into S by starting from R’ = R and iteratively
copying any substring of R’ or inserting any single char-
acter to its right end. As a final operation, deletion of the
original version of R from the left end of R’ is permitted.

The following lemma states that the greedy version
of the compression distance is equal to the compression
distance, simplifying the job of computing the compres-
sion distance.

Lemma 1 Consider the greedy version of the com-
pression transformation between R and S, where the
block copy operations are performed greedily as per the
gem; transformation. Let ge(R, S) be the symmetric
distance associated with greedy compression transfor-
mation. Then g¢(R, S) = ¢(R, S).

2under certain conditions on operation costs

Example 3 Consider the strings R =
ACT AGT,AT,andS = A, G, T,C,T,A, A, T
again. One can compute the ¢(R — S) as follows.
We start with S’ = R = A,C,T,A,G,T,A,T.
The longest prefix of S which exists as a substring
in §" is S'[4 6] = A,G,T; we update S’ to
S'=ACT,A GT,AT, A,G,T. Inthe remain-
der of S, which is S[4 : 8], the longest prefix which
exists in S’ is S'[2 : 4] = C,T,A,; we update S’
to §' = A,C,T,A, GT,AT, A,G,T,C,T,A.
We finally observe that the remaining of S exists as
S'[7 : 8 = A,T, and thus update S = A,C,T, A,
G, T,A,T, A,G,T,C, T,A,A, T. The final opera-
tion is the deletion of the original version of R as a prefix
of §', leavingus with S’ = S = A,G,T,C,T,A, A, T.
This implies that ¢(R — S) = 3. The reader can verify
that ¢(S — R) = 4, thus ¢(S,R) = ¢(R,S) = 7/2.
Note that for this example ¢(R,S) = gem;(R,S),
which is not the case for all R and S.

Lemma 2 The compression distance c¢(R,S) be-
tween two strings R and .S can be computed in optimal
O(|R| + |S]) time.

The lemma follows from [42] on-line suffix tree con-
struction.

Although compression distance is efficiently com-
putable, it does not satisfy the triangular inequality and
hence is not a metric.

Example 4 Consider R = v, W, X,Y, 2,
Q = z7y7m7w7v and S = w7U7 'Z.7w7 y7m7 Z7y7
y7x7w7 m7w7v7 z7y7$7 z?:meJw? y7x7w7v7
z,y,z,w,v. One can verify that ¢c(R — Q) = 6 =
(@ - R), ¢(Q — S) =10, ¢(S = Q) = 2,
¢(R— S)=19and ¢(S — R) = 6. Thus ¢(R, S) =
8419 = 125> ¢(R, Q) +¢(Q,5) = 838 + 182 =12,

The example demonstrates that in order to construct
astring S from substrings of another string R, it may be
helpful to construct an intermediate string (). Because
compression transformation does not allow deletion of
a substring except R itself, ¢) can not be incorporated
in the construction. It is possible to relax this deletion
constraint to obtain a metric distance. Such a relaxed
version approximates the compression distance within a
constant factor, implying that the compression distance
is an almost metric.

Definition 2 Consider relaxing the compression
transformation from R to S by allowing deletion of any
prefix of R’ as a final operation. We call this transforma-
tion, the relaxed compression transformation and its as-
sociated distance the relaxed compression distance, de-
noted rc¢(R, S).



Lemma3 The relaxed

re(R, S), is a metric.

compression  distance,

Unfortunately the relaxation makes the distance
much harder to compute.

Lemma 4 Computing r¢(R — S), the relaxed com-
pression distance between R and S, is NP-hard.

Nevertheless, the compression distance (which is
easy to compute) provides a constant factor approxima-
tion to the relaxed compression distance. Because re-
laxed compression distance is a metric, the compression
distance is an almost metric, a notion we introduce in
this paper.

Definition 3 A distance function f provides an al-
most metric for space S, if it is symmetric, reflexive and
satisfies the triangular inequality within a constant fac-
tor k; i.e. forall S, R, Q €S, f(S,R) < k-[f(S,Q) +
f(Q,R)].

Now we state that the compression distance provides
a constant approximation to its relaxed version, which
proves that the compression distance is an almost metric.

Theorem 5 r¢(R,S) < ¢(R,S) < 3-re(R,S)

2.2 The Weighted Edit Distance is an Almost
Metric

Weighted edit distances are commonly used for pro-
tein and genome string comparisons. Here each opera-
tion has a certain cost, determined in general by the log
of the probability of that edit operation occurring in one
of the two copies of a string during its evolution. Let
h be the highest cost of any operation among the ones
allowed and I be the lowest. Then h times the charac-
ter edit distance between any two strings R and S will
provide an upper bound on their weighted edit distance.
Similarly I times the edit distance will provide a lower
bound, which implies that the weighted edit distance sat-
isfies the triangular inequality within a factor of h/!.

3 String Proximity Search with Distance
Based I ndexing

There are a number of distance based indexing struc-
tures in the literature including [48, 52, 19, 16, 14, 20,
53], which are potentially applicable to string proximity
search. In this section we show how to modify one of the
distance based indexing method, the VP trees, to almost
metrics, and in particular to the compression distance.
Note that it may be possible to modify other distance

based techniques for almost metrics as well. However
our goal is to simply show that being almost metric is a
property for a distance measure that can be employed to
perform efficient proximity search.

For completeness, we briefly describe the main idea
behind distance based index structures and VP trees be-
low. We later show how these structures can be general-
ized so as to perform efficient search under almost met-
rics, with VP and MVP trees being good representatives
of purely distance based index structures.

Distance Based Indexing. The general task of sim-
ilarity search is a well studied problem in database re-
search. The types of queries can vary, but most can be
reduced to one of the two basic forms: the near neighbor
query (i.e. range query), and the nearest neighbor query.

More formally, a near neighbor query on a given set
of data elements X = {z1,2,...,2,} asks to retrieve
all data elements that are within some specified distance
r of a given query point ¢; i.e. the task is to return
X' = {x;|z; € X&d(z;,q) < r}. The nearest neighbor
query, on the other hand, asks for the closest element in
the data set to the query element. Other types of queries
include k-nearest neighbors, k-farthest neighbors, etc.

Fundamental to the similarity search problem is the
nature of the search space and the distance function.
When the distance function and search space can con-
vey spatial information (as is the case of Euclidean dis-
tances), a wide variety of spatial index structures can be
used to efficiently answer the queries. These methods
include R-trees [26], R+-trees [44], R*-trees [8], quad-
trees [21], X-trees [10], SR-trees [30], A-trees [43], and
others. Such index structures take advantage of the fact
that each data element has a well-defined location in the
search space. The distances of these elements to arbi-
trary points in the search space can be computed, and
using this property the search space is often broken up
hierarchically into partitions that can be later pruned by
exploiting properties of the particular nature of the par-
titioning method. Because of the complexity of space
partitioning in multi-dimensional spaces, such methods
are particularly useful for spaces with small dimension-
ality.

Distance-based index structures are inherently differ-
ent than these spatial index structures [13, 48, 16]. Here,
only the relative distances of data elements are needed
for index construction and search, i.e., no spatial infor-
mation on the data elements are utilized. The key prin-
ciple is again eliminating a subset of the search space
(through hierarchical partitioning) that can be proven to
not contain any of the data points in the answer of the
query. This pruning is often done using the triangle in-
equality, a feature of metric spaces, which provides a
necessary condition on the search space. Vantage point



trees (VP-trees) [52], their variant MVP-trees [14], and
M-trees [20] are examples of distance-based indexing.
Because dimensionality is not a key issue for the prun-
ing technique they employ, such distance based methods
are potentially more effective for high dimensional data
than the above alternatives.

For certain types of data it is possible to obtain spe-
cialized indices [23, 2], optimized (and often designed
exclusively) for operation under a unique distance. Un-
fortunately, not all distance measures provide such spe-
cialized structure as per our problem. In particular, when
insertion and deletion operations are allowed, strings can
not be treated as vectors on which distinct dimensions
can be compared. Thus we are confined to methods
that use distances between pairs of strings as the primary
source of information.

Our primary difficulty is that available distance based
methods require the distance measure used to be a met-
ric. In the following sections, we show how the VP and
MVP trees can be modified so that it enables efficient
proximity search even under almost metrics.

VP trees in a nutshell. Vantage point trees were
first introduced by [48], and have subsequently been
extended into MVP (multi vantage point) trees [14].
In their most basic form, vantage point trees are bi-
nary trees that recursively partition a data set. More
specifically the structure of a binary VVP-tree can be de-
scribed as follows. Each internal node is of the form
(X, M, Rptr, Lptr), where X, is the vantage point, M
is the median distance among the distances of all the
points (from X,) indexed below that node, and Rptr
and Lptr are pointers to the right and left branches. Left
branch of the node indexes the points whose distances
from S, are less than or equal to M, and right branch
of the node indexes the points whose distances from X,
are greater than or equal to M. In leaf nodes, instead of
the pointers to the left and right branches, references to
the data points are kept.

Construction of VP-trees. Given a finite set X =
{X1,Xs,...,X,} of n elements, and a metric distance
function d(X;, X;), a binary VP-tree V on X is con-
structed as follows.

(1) If | X| = 0, then create an empty tree.

(2) Else, let X, be an arbitrary element from X. (X,
is the vantage point.) Also let M be the median of
M, X; e X, X; 7é XU} andlet X, = {X,ld(X“Xv) >
M, X; € X}. (Note that the cardinality of X; and X,
are equal.) Recursively create VP-trees on X; and on
X, as the left and right branches of the root of V.

The binary VVP-tree is balanced and therefore can be
easily paged for storage in secondary memory [52]. The
construction can be done by performing O(n logn) pair-

wise distance computations.

Search in VP-trees. For a given query element @,
the set of data elements that are within distance r of @
are found using the search algorithm below.

(1) If d(Q, X,) < r, then X, (the vantage point at the
root) is in the answer set.

(2) If d(Q,X,) + r > M, then recursively search the
right branch.

(3) If d(Q,X,) — r < M, then recursively search the
left branch.

Note that both branches can be searched if both search
conditions are satisfied.

The correctness of this simple search strategy can be
proven easily by using the triangle inequality of dis-
tances among any three elements in a metric data space.
Multi-vantage-point trees (MVP-trees) have been devel-
oped to increase the effectiveness of searches. In an
MVP tree, two vantage points (X,; and X,) are cre-
ated at each new iteration of its construction. The search
space at a given step is divided first using X1, then each
of the subsections are divided again, all using X ,». This
basically corresponds to collapsing two levels of a typi-
cal vantage-point tree into one, and reduces the number
of vantage points needed (since multiple branches share
a common vantage point). All variants of the VP-tree
still use the basic principal of triangular inequality in
their searches, so the criterion for eliminating any partic-
ular branch during the search is fundamentally the same
and can be easily generalized to each form of VVP-tree.
We will thus continue to use simple binary vp-trees in
our algorithm examples as they are more readily clear to
the reader; we use multi-vantage-point trees in our ex-
perimental results.

3.1 Updating VP/MVP trees for almost metrics

In this section we show how to update VP (and MVP)
trees so that they could be effectively used in proximity
search in almost-metric spaces. As described earlier for
V/P trees, portions of the search space can be eliminated
when certain conditions (the distance from the query el-
ement to the vantage point and the radius of the query)
hold. This elimination is the primary goal and measure
of effectiveness of the vantage point tree, as each branch
eliminated from search reduces the number of the candi-
dates for answering the query. Using the definition of an
almost metric, we now describe how we can eliminate
branches in the binary vantage point tree search.

Let @ be the query element, r be the query range,
X, be the vantage point accessed during the search, and
M be the median distance value for X,. Given an al-
most metric distance d(.,.) which satisfies the triangu-
lar inequality within a factor of 3, we first show that if



d(X,,Q) +r < M/3 then we do not have to search the
right branch. Then, we show that if d(X,,Q) — 3r >
3M then we do not have to search the left branch.

Let Z denote any data element indexed in the right
branch, and Y any data element indexed in the left
branch.

(1a) d(Z,X,) > M, (1b) M/3 > d(X,,Q) +r (hy-
pothesis), (1c) d(X,, Q) + d(Q, X) > d(X,, Z)/3 (tri-
angular inequality), (1d) d(@, Z) > = (sum up 1a, 1b,
1c).

(2a) d(Y, X,) < M, (2b) 3M < d(X,,Q) — 3r (hy-
pothesis), (2¢) d(X,,Y) +d(Y,Q) >= d(X,,Q)/3
(triangular inequality), (2d) d(Y,Q) > r (sum up 2a,
2b, 2¢).

One method for performing a near/nearest neighbor
search is to pick a "good” value of r (using a heuris-
tic method) to reduce the search space and then perform
each actual distance computation in the reduced r-radius
set to pick the correct data point. As shown below, van-
tage point trees can also be used to help reduce the final
search space without the need to pick a radius r. In this
case, only the right branches of the search can be elimi-
nated.

We now show that if d(X,,Q) < M/6, the right
branch can be eliminated from the search. Let Z again
denote any data element indexed in the right branch:
(3a) M/6 > d(X,,Q) (hypothesis), (3b) d(Z,Q) >
d(X,, Q) (sumup 1a, 3a, and 1c).

4 Properties of String Spaces for Proxim-
ity Search Applications

There are two important issues that determine
whether proximity searches could be performed effi-
ciently by distance based indexing: (1) The distance
measure used has to be a metric or an almost metric -
this issue was addressed in the earlier sections of the pa-
per. (2) The distribution of data points should be “suit-
able” for distance based indexing - which is the focus of
this section.

Earlier work by [9, 12] consider especially metric
spaces where data is distributed uniformly and identi-
cally over the input space. They show that for any given
point p, as the dimensionality increases the difference
between the nearest and the farthest neighbors of a point
diminishes. This suggests that nearest neighbor searches
in high dimensional spaces may not give meaningful an-
swers for uniformly distributed data. However, to the
best of our knowledge, biased/clustered distributions of
data have never been investigated under efficiency con-
siderations for distance based indexing.

Our main concern is to understand how typical string
data from applications in computational linguistics and

computational proteomics is distributed over the input
space. Our data sets include: (1) Declaration of human
rights in 52 Eurasian languages. This is the same data
set used by [37, 11] for demonstrating the power of com-
pression distance. (2) The complete set of protein strings
that are known to be active in the brain cells of hu-
mans and other organisms from the SwissProt database
(93 proteins). Given these data sets we ask a natural
question: how does f(r), the number of pairs of strings
whose distance is at most r, behave against r. Our tests
give the following answers:

1. The linguistic data under compression distance
seems to be exponentially distributed over the input
space. More specifically the function f(r) seems
to satisfy f(r) = k - ¢" for some constants ¢ and
k as the plot of log f(r) against r is quite close
to a straight line. Clearly log f(r) = logk - ¢"
gives log f(r) = log k + r - log ¢ which enables us
to compute constants ¢ and k& to be approximately
21/400 and 2-2-2 respectively. Considering that the
number of characters (and hence the potential di-
mensions) in each string is in the order of a few
thousands these constants are very small and indi-
cate some clustering (non-uniformity) in the data
set. This does not come as a surprise as these lan-
guages are evolutionarily related to each other [11].

2. The protein data under both the character edit dis-
tance and the compression distance gives a poly-
nomial distribution over the input space (i.e. sat-
isfies a power law). In other words the function
f(r) seems to satisfy f(r) = k - r¢ for some con-
stants ¢ and k: this can be observed through the
log-log plots of f(r) againstr which are quite close
to straight lines. If log f(r) = log(k - r¢), then
log f(r) = logk + ¢ - logr. The constants k£ and
¢ vary only slightly among the two distances; they
imply some significant non-uniformity in the data
set. Again this should not come as a surprise as
these proteins are evolutionarily related.

4.1 Performance of VP Trees Under Polyno-
mial and Exponential Pairwise Distance
Distributions

In this section we develop a model for analyzing the
performance of the VP trees under polynomial and expo-
nential pairwise distance distributions. We assume that:
(1) the distribution of the distances between a typical
data point to other points in the data set resembles the
overall pairwise distance distribution, and (2) the distri-
bution of query points in the input space resemble the
distribution of the data points. Based on our model it
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Figure 1. Pairwise distance distribution (compression distance): declaration of human rights

in 52 Eurasian languages.

becomes possible to calculate bounds on constants ¢ and
k under which the VP trees perform nearest neighbor
searches well. Our analysis below assumes that the dis-
tance measure dist() provides a metric; however, it can
easily be generalized to almost metrics as well.

Nearest neighbor search under exponential distribu-
tion. Let a data set contain m points. Given any typi-
cal query point ¢ the number of points observed at dis-
tance < r obeys f(r) = k- ¢". One can easily com-
pute the distance between ¢ and its nearest neighbor
nny(q), namely dist(q,nn1(q)) as follows. By defini-
tion f(dist(q,nn1(q))) = 1andthus dist(g,nn1(q)) =
log, 1/k.

Let p be the topmost vantage point in the VP tree.
It is possible to compute the distance between p and its
m/£’th nearest neighbor for some constant £ > 1 which
will be determined soon: f(dist(p,nn,,/¢(p))) = m/L
and thus dist(p, nn.y, ¢(p)) = log, m/k¢. The number
of points that are within distance dist(p, n1,,/(p)) +
dist(p,nn1(p)) from p are:

f(distgp, NNy e(p)) + dist(p,nni (p))) = k- '8¢ 1/k
cloge m/kt — m

Let the VP tréé be built in a way that once the vantage
point p is determined, it partitions the data set into two:
(1) inner partition includes the nearest m / k¢ points to p
and (2) the outer partition includes the remaining points.

When searching for the neighbors of ¢ within dis-
tance € = dist(q,nn1(q)) = log,1/k (i.e. the near-
est neighbors) the first step we perform is to compute
dist(q, p) and take the following action according to the
result:

(1) If dist(p, q) < dist(p,nny, /,(p)) = log, m/klthen
we eliminate the outer partition and iteratively perform
our search on the inner partition. Because the query
points are distributed similar to the data points, the prob-
ability of this case is 1 /.

(2) If dist(p,q) > log,m/kl + log.1/k then we
eliminate the inner partition and iteratively perform our
search on the outer partition. Because the query points
are distributed similar to the data points, the probability
of this case can be calculated as 1 — 1/¢k?.

(3) Otherwise both the inner and the outer partitions
need to be searched.

If 1/k¢ = 1/2 as per standard VP trees (so that the
cardinality of the inner and outer partitions are equal),
the probability of case (2) is non-zero if 1/¢, the proba-
bility of case (1) is > 1. Thus we can ignore case (2) and
obtain the following recurrence relation for the query
time.

T(m)<1+42k-T(m/2)+ (1 —2k)-2-T(m/2).
This recursive equation has a solution at T'(m) <
m1°82=k/2 The space requirements of this implemen-
tation will be a small factor of m, much smaller than
the data set itself (typical strings of interest are several
hundreds or thousands of bytes long).

An alternative implementation. It is possible to
modify the standard vantage point trees so that the
search time could be substantially improved for the ex-
ponential data distribution model. In this version of the
VP trees the data set is not partitioned into two by a van-
tage point. Rather we take the following actions after
computing dist(p, q):
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Figure 2. Pairwise distance distribution: proteins that are active in the brain.

(1) f dist(p, q) < dist(p,nny,;(p)) = log, m/klthen
we iteratively perform the search within the inner parti-
tion again. This case will again occur with probability
1/¢.

(2) If on the other hand dist(p, q) > log, m/kf we per-
form the search once more on the whole data set, this
time using another vantage point.3 To limit the space
complexity we will do at most some j - £ comparisons of
q against vantage points; after that the search will be per-
formed separately on both the inner and the outer parti-
tions. The probability of failing in all 5 - £ vantage points
isonly (1 —1/£)7¢ < 1/ed.

The running time of this modification can be obtained
as follows:

T(m) <€+ (1—1/ed)-T(m/kl)+1/el-T(m/kl) +
1/el - T(m(1 — 1/k¢)).

For ¢ = 2/k as per the standard VP, T'(m) < 2/k +
(1-=1/e?)-T(m/2) + 2/eIT(m/2) and thus T'(m) <
2/k - (1 + 1/e%)lo8™ . T'(m/2) which implies T'(m) <
2/k- (14 1/el)loe™ = O(2/k - mlos1+1/¢"),

The space requirement of this version of the updated
V/P tree is proportional to the total number of vantage
points picked. There are 2/k vantage points at level 1
and in level i there are (2/k)? vantage points. Because
the number of levels is logm, the total space require-
ment will be O((2/k)'o8™).

Nearest neighbor search with polynomial distribu-
tion. Given any typical query point ¢ the number of
points observed at distance < r obeys f(r) = k - r¢ for
some ¢ > 1. By definition f(dist(g,nn1(q))) = 1 and
thus dist(g,nn1(q)) = (1/k)*/e.

3This is reminiscent to a data structure suggested -but not analyzed-
in [16].

Similarly, given p as the vantage
point,  f(dist(p,nny/¢(p))) = m/¢ thus
dist(p,nnm/e(p)) = (m/k)Ye. 1t is easy to

verify that the number of points that are within dis-
tance dist(p,nny,/e(p)) + dist(p,nni(p)) from
p is approximately m/¢. Thus for £ = 2 as
per the standard VP tree (which sets the sizes of
partitions to be m/2 each), the search time be-
comes T(m) = 1 + 3/2 - T(m/2) and hence
T(m) — O((3/2)10gm) — O(m10g3/2) — 0(m0.58)'
The space complexity of this standard VP tree imple-
mentation is again O(m).

A modification for improving the performance of the
above VP tree can again be obtained for the polyno-
mial distribution as per the modification for the expo-
nential distribution. For £ = 2 and letting at most j
vantage points per level, one can get T'(m) < 2 + (1 —
1/29)T(m/2) + 2/27T (m/2). Solving the recurrence
relation gives T'(m) < 2 - m!°8(1+1/2') " By repeating
the analysis performed for the exponential distribution,
one can show the space complexity to be O(j'°8™) =
O(m!°87). By picking j = 4 one can achieve O(n'/!)
search time (which will be a small constant for all prac-
tical data sets) by using space O(m?2).

4.2 Experimental Evaluation of VP Trees

Our theoretical results indicate that the VP trees and
the suggested updates would perform well especially un-
der polynomial distance distributions. We first test our
VP implementations on synthetic data that exhibits some
high degree polynomial distance distribution. The dis-
tance function we choose is the compression distance.
We then test or implementations on complete human



proteome from the Celera databases [50]. The distance
we used for this application is the character edit distance.

Performance of the VP tree on synthetic data.
(Figure 3) Our test involves generation of some 2000
(polynomially distributed) random strings among which
the nearest 5 strings were searched for a given query
string. The query string is generated uniformly at ran-
dom; its “nearest neighbor” is generated by applying 5
random block edit operations on the query string; 50 of
the remaining strings are generated by applying 15 oper-
ations; all the rest of the strings are generated by apply-
ing 45 operations. We performed experiments on three
different VP trees on the same data set, each VP tree
with a different query string used for construction.

We performed searches (search radius e = 15) using
compression distance using a O(m) space VP tree im-
plementation with the best and worst possible constants
in the triangular inequality. As described earlier, this
constant can be empirically computed to ensure a most
efficient implementation of the modified VP tree.

We performed two sets of experiments depending on
the constant k& for which for any three of the strings
R, S,Qinthedataset, ¢(R,S) < k-[¢(R, Q)+c(Q, S)].
The first experiment assumes the worst possible constant
k = 3. The second experiment assumes the best possi-
ble constant k£ = 1. We verified that the data set satisfies
the best case constant £ = 1, but we provide our experi-
mental results for £ = 3 for comparison purposes.

In the worst case, the VP tree was able to eliminate
only 33 — 45% of the strings in the data set to return the
closest 5 strings to the query. This provides the worst
case performance of the data set if the data set satis-
fies the triangular inequality within a constant factor of
k = 3. In reality, the data set satisfies the triangular
inequality with & = 1. By using this fact, the index
was able to eliminate 90% of the strings in the data set,
resulting in significant savings in near neighbor search.
We expect that with some constant factor increase in
space it will be possible to improve the pruning factor
further. We leave the analysis of the tradeoffs between
k and the percentage data set elimination to the full ver-
sion of the paper.

Experimental Results on Protein Data. (Figure 4)
Our second data set includes all (about 32K) active
and potential proteins derived from the complete human
genome sequence database obtained by Celera [50]. We
report on the pruning results of near neighbor searches
with varying search radii (based on character edit dis-
tance) on arbitrarily selected protein strings from the
data set. The figure shows that the number of string
comparisons made against the size of the data set varies
considerably from one search to another.

10

5 Summary

We investigate the applicability of distance based in-
dexing techniques for string proximity search. We first
show that string distance measures of interest such as
the compression distance and weighted character edit
distance provide almost metrics. We then show how
to modify vantage point trees and other distance based
indexing techniques to accommodate almost metric dis-
tances. Finally we show how to further modify these
techniques in order to exploit typical pairwise distance
distributions observed in textual and biomolecular string
data sets and improve their search performance.
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